We demonstrate an efficient nonequilibrium Green's function transport calculation procedure based on the real-space finite-difference method. The direct inversion of matrices for obtaining the self-energy terms of electrodes is computationally demanding in the real-space method because the matrix dimension corresponds to the number of grid points in the unit cell of electrodes, which is much larger than that of sites in the tight-binding approach. The procedure using the ratio matrices of the overbridging boundary-matching technique [Phys. Rev. B 67, 195315 (2003)], which is related to the wave functions of a couple of grid planes in the matching regions, greatly reduces the computational effort to calculate self-energy terms without losing mathematical strictness. In addition, the present procedure saves computational time to obtain Green's function of the semiinfinite system required in the Landauer-Büttiker formula. Moreover, the compact expression to relate Green's functions and scattering wave functions, which provide a real-space picture of the scattering process, is introduced. An example of the calculated results is given for the transport property of the BN ring connected to (9,0) carbon nanotubes. The wave function matching at the interface reveals that the rotational symmetry of wave functions with respect to the tube axis plays an important role in electron transport. Since the states coming from and going to electrodes show threefold rotational symmetry, the states in the vicinity of the Fermi level, whose wave function exhibits fivefold symmetry, do not contribute to the electron transport through the BN ring.
I. INTRODUCTION OBM METHOD

65
A. Green's function of a whole system including the transition region and two 66 semi-infinite electrodes 67 Let us consider Green's function of a system composed of the transition region sandwiched 68 between two semi-infinite crystalline electrodes, as shown in Fig. 1 , within the framework of 69 the RSFD scheme. Two-dimensional periodicity in the x-and y-directions is assumed and a 70 generalized z-coordinate ζ l instead of z l is used, because a couple of grid planes are involved 71 in wave-function and Green's-function matching when higher-order finite-difference approx-72 imation is employed (see Fig. 1 ). The exchange-correlation effect is treated by the local 73 density approximation 15 or generalized gradient approximation 16 of the density functional 74 theory.
17,18
75
The Green's-function matrix involves the inversion of an infinite matrix corresponding to 76 the Hamiltonian matrix of the whole systemĤ(k || ), where k || is the lateral Bloch vector.
77
As shown in Fig. 2 , we are, however, interested in the finite part of the Green's-function 78 matrix,
where the borders of the partitioning ofĤ(k || ) are drawn according to the dashed lines in well as to obtain sufficiently accurate results with the used grid spacing.
92
Green's function of the whole system is defined as
where Z(= E + iη) is a complex energy variable. From the matrix equation
that is,
one sees that Green's function of the whole systemĜ T (Z, k || ) can be portioned to the 96 transition region as
Note that Eq. (5) is equivalent to Dyson's equation in the standard form 20 of
Here,ˆ L (Z, k || ) andˆ R (Z, k || ) are the self-energy terms of the left and right electrodes 99 defined by
where 
We used the script capital letterĜ for describing Green's function of a semi-infinite sys- each unit cell of the electrodes is employed, which implies that the dimension of the matrices 120 for Green's functions and the self-energy terms becomes N x × N y × N z . When the number of 121 grid points increases, the computation of these matrices is demanding. In the RSFD NEGF 122 scheme, sinceB LT (B T R ) has only one nonzero
(1) and Fig. 2 ], the self-energy terms, which are 124 calculated by Eq. (7), are found to take the very simple form of
where
128
To obtain Green's function of the whole systemĜ(Z), it is sufficient to calculate N- tions and self-energy terms using ratio matrices in the OBM method, 14 which are computed 
Since the eigenvalues λ n (Z)'s for a nonreal Z are divided evenly into two groups with |λ n | > 1
147
and |λ n | < 1, 24 we set up the N-dimensional matrix Q p (ζ l ; Z) and Q q (ζ l ; Z), which gathers 
Now, we prove the following relation that gives a definite description of the surface Green's 153 functions (or self-energy terms) in terms of the ratio matrices of the generalized eigenstates 
Hereafter, we concentrate on proving the surface Green's functions and self-energy terms
158
of the left electrode because those of the right electrode can be derived in a similar manner.
159
The proof is derived using the results reported by Lee and Joannopoulos: 24 Green's function functions with respect to ζ l with a decreasing or increasing property such that
Here, s is an arbitrary positive integer and L is an integer associated with the length of
Note that Eq. (20) is the Kohn-Sham equation when a complex number Z is replaced with 168 a real number E.
169
In the left electrode, the surface Green's function
In the following, the derivation of Eq. (22) is demonstrated. It is straightforward from the
that is, . . .
From the facts that the 
where {f nn ′ } is a set of unknown expansion coefficients forming an N-dimensional matrix F .
182
For simplicity, the dependence of f nn ′ and F on Z and k || is ignored. By inserting Eq. (27) 183 for l = −1 and −2 into Eq. (25) and subsequently using Eq. (20) for l = 0, we obtain 
is an N-dimensional matrix that gathers left-propagating Bloch waves
190
(|λ(E)| = 1 and Re(λ(E)) < 0) and rightward increasing evanescent waves (|λ(E)| > 1):
and
Note that the eigestates with |λ(Z)| = 1 are absent when η = 0, 24 while those with |λ(Z)| = 1
193 exist in the case of real-number energy.
and hence the retarded self-energy term is
Several researchers have investigated the representation of the surface Green's functions 
211
Let us consider the lth column ofĜ
(l = 0, 1, 2, ..., m + 1). From Eq. (5), one sees that the lth column satisfies
. . .
by virtue of a simple form of the self-energy matrices, Eq. (10). Using Green's function of 214 the truncated part of the HamiltonianĜ T (Z) defined in Eq. (9), the whole Green's function 215 in the transition region is given by
Equation ( 
218
The surface Green's-function matching theory has been pioneered by García-Moliner and
219
Velasco.
25 From Eq. (34), we see that once Green's function of the truncated part of the
Here, formalism.
232
For l = 0 and l = m + 1,
whereG T is a modified G T under the influence of the self-energy term {L,R} , which is 234 expressed as
It is easy to ensure that the G T 's given by Eqs. Finally, a retarded Green's function is obtainable by carrying out the limiting procedure:
Note that the block matrices of Green's function, We next show that the relationship between the retarded Green's functions and the 244 scattering wave functions is expressed as
where Γ L (ζ l ; E) is the coupling matrix, which describes the 'coupling strength' of the tran-246 sition region to the left electrode at ζ 0 , and is defined by
From Eq. (6) 
The incident wave from the right electrode can be derived in a similar manner. By the 
Now the ratio matrix R in in the left electrode (l ≤ 0) is introduced along a similar line 253 into the definition of R ref :
which is assumed to include not only ordinary right-propagating incident Bloch waves but 256 also leftward-decreasing evanescent waves. From the definition of R in (ζ 0 ; E), it is straight-257 forward to state that (47), the scattering wave function Ψ j (ζ l ; E) for 0 ≤ l ≤ m + 1 can be written as
The derivation of Eq. (40) through the x-y plane at ζ 0 (ζ m+1 ). In the OBM scheme, group velocity is expressed as
where L z is the length of the unit cell in the z-direction. The proof of Eq. (49) is given in
274
Appendix A.
275
The scattering wave function Ψ j (ζ l ; E) corresponding to the jth incident wave Φ (l ≥ m + 1) with a transmission coefficient t ij , i.e.,
where Q tra (ζ l ; E) is an N-dimensional matrix that gathers right-propagating Bloch waves
279
(|λ(E)| = 1 and Re(λ(E)) > 0) and rightward-decreasing evanescent waves (|λ(E)| < 1) of
From Eqs. (40) and (50) for l = m + 1, we have
and then obtain
Here, T is the transmission-coefficient matrix
and Q in (ζ 0 ; E) is the matrix defined by Eq. (45). Note that the expression
holds, with V ( ′ ) being a diagonal matrix whose elements are v 
Here, 'Tr' stands for the trace, i.e., the sum of the diagonal matrix elements, and the cyclic 288 property of the trace is used. From Eqs. (45), (49), and (51), the relations
are derived, and then
are established. Here, the advanced Green's function is
Equation (58) is a well-known formula 29 in the NEGF formalism pioneered by Keldysh. Green's-function approach is that the conductance is calculated without the knowledge of 295 well-defined asymptotic wave functions in the transition region.
296
III. TRANSPORT PROPERTY OF BN RING CONNECTED TO CNT ELEC-
297
TRODES
298
To demonstrate the applicability of the RSFD NEGF method and the importance of the 299 interpretation using scattering wave functions, the transport property of the C/BNNT where 300 one carbon ring of (9,0) CNT is replaced with a BN ring is examined. Figure 4 shows the 301 computational model, in which the C/BNNT is sandwiched between the CNT electrodes.
302
A valence electron-ion interaction is described using norm-conserving pseudopotentials 
378
For completeness, we introduce the expression for the group velocity in this appendix.
380
Group velocity is written as 
The propagating wave obeys the Kohn-Sham equation 
